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Abstract 
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- de Vries equation and to generahzed Camassa - Holm equation. Exact traveling 
wave solutions of these two nonlinear partial differential equations are obtained. 
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1 Introduction 



Because of the nonlinearity of the Navier - Stokes equation, Boussinesq equations, etc., the 
hydrodynamics is a rich sorce of nonhnear problems [I] - [9] . In addition in the last decades 
the nonlinear partial differential equations are widely used for modeling natural and social 
phenomena and systems. Examples are [IOl[lT] from neurology, [12] -[15] from the theory 
of solitons, [T^ from the biology, [TTJ |T2] from theory of dynamical systems, chaos theory 
and ecology, and [19j - [26j from hydrodynamics and theory of turbulence. The knowledge 
of exact solutions of the model PDEs is usefull in several directions. First of all such 
solutions describe different kinds of waves. In addition the exact solutions are useful as 
initial condition for computer programs that simulate processes in the investigated system. 
Because of this an important research area is connected to obtaining exact analytical or 
approximate numerical solutions of such model PDEs. Among the most famous methods 
for obtaining solutions of exact solvable equations are the inverse scattering transform 
[27] - [30] and the method of Hirota [31]. In the course of years numerous approaches for 
obtaining exact special solutions of nonlinear PDE have been developed [32] - [39j. By 
means of such methods numerous exact solutions of many equations have been obtained 
such as for an example the Kuramoto-Shivasinsky equation [37J, equations, connected to 
the models of population dynamics [IQ] - [52], sine - Gordon equation [53] - [60], sinh- 
Gordon or Poisson - Boltzmann equation [61] - [63], Lorenz - like systems [M], etc. 

One of the dirct methods for obtaining exact and approximate solutions of nonlinear 
partial differential equations is the method of simplest equation [37] - [39] • This method 
ant its modification called modified method of simplest equation have been applied to 
numerous nonlinear PDEs [HS], [SS], such as Fisher equation and Fisher - like equations 
[67] , classes of reaction - diffusion and reaction - telegraph equations [5^, generalized 
Kuramoto - Sivashinsky equation [38], generalized Swift - Hohenberg and generalized 
Rayleigh equations [39], generalized Deagsperis - Processi equation and 6-equation [68]. 
In this paper we shall apply the modified method of simplest equation to the extended 
Korteweg - de Vries equation and to generalized Camassa - Holm equation. The goal of 
the paper is to obtain exact traveling - wave solutions to the last two equations. 

The paper is organized as follows. In Sect. 2 information from the theory of water 
waves is presented which connects the Navier - Stokes equation and the profile of a class 
of water waves to the exact traveling - wave solutions of the extended Korteweg - de Vries 
equation and Camassa - Holm equation. Sect. 3 contains information about the modified 
method of simplest equation needed for obtaining exact traveling - wave solution of the 
extended Korteweg - de Vries equation and of the generalized Camassa - Holm equation. 
In sect 4. we obtain exact traveling-wave solutions of the extended Korteweg - de Vries 
equation on the basis of the use of the equations of Bernoulli, Riccati and extended tanh 
- equation as simplest equations. In section 5 using the same procedure we obtain exact 
traveling - wave solutions of the generalized Camassa - Holm equation. Several concluding 
remarks are summarized in Sect. 6. 
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2 Water waves, extended Kortweg - de - Vries equa- 
tion and generalized Camassa - Holm equation 

The research on water waves is a rich sorce of nonhnear problems [69] - [71]. We shall 
obtain the extended Korteweg - de Vries equation and the Camassa - Holm equation 
following Johnson [72]. Let us consider incompressible inviscid fluid with zero surface 
tension. The fluid moves over an steady intermediate bed with coordinate z = z*{x,y). 
The pressure on the top boundary of the fluid is constant: P = Pa, where Pa is the 
atmospheric pressure. The system of model equations for description of the movement of 
the fluid consists of the Navier - Stokes equation and continuity equation 

o — * -1 

-^+^.Vm = — VP + F (2.1) 
ot p 

V-M = (2.2) 

where u = {u, v, w) is the velocity of the fluid, p is the density of the fluid and the acting 
force is gravity: F = {0,0,— g). The fluid surface is at 2; = h{x,y,t) and the boundary 
conditions are as follows. 

• On the fluid surface 

dh 

P = Pa, w = — + {u-V)h (2.3) 

• On the bed z = z*{x, y) 

dz* dz* . 
w = u— + v— (2.4) 
ox ay 

Let ho be the undisturbed depth of the water. Then we introduce the non-dimensional 
deviation t] from ho as follows 

h = ho + at] (2.5) 
In addition we introduce the non - dimensional pressure p 

P = Pa + pg{ho -z)+ pghop (2.6) 

p measures the deviation from the hydrostatic pressure. Our goal is to study wave propa- 
gation on the fluid surface. The scale of this motion is the typical wavelegth of the surface 
wave A. We shall use A as unit for length. 

Next we perform a non-dimensionalization of the model equations by the following 
substitutions (— )■ means "replace by" and in this way the notation is retained) 

X — )■ Xx; y — )■ Xy; z hoz; t — >■ 



u — )■ ghou; V — > \J ghov; w — )■ ° ^ ^ w; z* — )■ hoZ* (2.7) 

A 

In addition we introduce two important parameters: amplitude parameter e and shallow- 
ness parameter 6: 



3 



Further we rescale the non-dimensionahzed equations with respect to the amphtude pa- 
rameter e: 

u ^ eu; V ev; w ^ ew; p ^ ep (2.9) 
and obtain the system of equations 

V-u = (2.12) 

with boundary conditions: 

dz* dz* 

w = u— + v— 2.14 
ox oy 

on z = z*. We continue the scahng of fl2.10p - fl2.12p as follows: ( = y/e{x — t); t = ty/et; 
w = y/eW and expand all quantities 



on z = 1 + er] and 



oo oo 



g ~ 5^ 5^ eV'^gnm (2.15) 

n=0 m=0 

Assuming that e — ?■ and 5 — )■ (small amplitude water waves) from (12.101) - fl2.12p we 
obtain that the non-dimensionalized height of the water surface f] = 'r]oo + ^iVw + ^^Voi + 
eS'^rjii satisifies the higher order Korteweg - de Vries equation 

and to the same order the solution is 

u^r^-\rf^eb''{\- \z^ ^ (2.17) 



4 V3 2 J dC 

where z is connected to the depth of the moving fluid. Eq. (12.160 is the extended Korteweg 
- de Vries equation and it will be one of equations we shall discuss below. 

Another important water wave equation - the Camassa - Holm equation can be ob- 
tained in similar way like (I2.16P above. The Camassa - Holm equation describes the x— 
component u of the fluid velocity at certain depth zq below the fluid surface. Cammassa - 
Holm equation was introduced as completely integrable bi-Hamiltonian dispersive shallow 
water equation |73]. In the framework discussed here and in [72] the Camassa - Holm 
equation is 
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and the 



The error of this equation is 0(e^, e^^); it is vahd for = In addition k = | w ^ 
solution of the Camassa - Holm equation equation corresponds within the approximation 

0(e^, e^'') to the surface wave 



(2.19) 



where T = t^e; X = 2^| (Z - |T) ; Z = x^/e. 

In this paper we shall discuss the following generalized Camassa - Holm equation 



pi 



dU 
dX 



P2 



dX^dT 



P3 



fiU) + 



P4 



_d_ 
dX 



2'^^^ + -2 dip [dX 



(2.20) 



where Pi', P2'i Ps'-, P4'i P5 are parameters. Let f{U) = \U ] g{U) = C + 3f/ (C is a constant) 
and ps = P4P5. Then from Eq. (12.201) we obtain 



df 



Pi 



dU 
dX 



■dX'^dT 



dX 



2P2 



dU d'^U 
'dXdX^ 



PsU 



.dHJ_ 
dX^ 







(2.21) 



Eq. (I2.20p contains the Camassa - Holm equation as particular case when p2 = 2k; p4 = e; 
P2 = e6'^; p3 = e^(5^. In general in Eq. f l2.20p f{U) and g{U) can be arbitrary polynomials 
of U. Finally we note that if we do not set g{U) and all other settings are as for obtaining 
Eq. fl2.2ip from Eq. fl2.20p we obtain the following generalization of the Camassa - Holm 
equation 



dU dU Pi d a^f/ dU d'^U ^B^U 

i:^+Pil^ + —1^9[U) - P2 0^9 0^ - 2p3 — 7^ - p^U - 







(2.22) 



dT ' "dX 2 ax^' ' '^dX^dT '•'dXdX'^ dX'^ 

Let P2 = P4, = l;Pi = P3- Then we obtain the version of the generalized Camassa - Holm 
equation discussed by Tian and Wang [7^ ( see also [75l [76] ) . 



3 The modified method of simplest equation 

The method of simplest equation has been developed by Kudryashov |37l SH] on the basis 
of a procedure analogous to the first step of the test for the Painleve property. In the 
modified method of the simplest equation ES] this procedure is substituted by the 
concept for the balance equation (for details about the balance equation see the subsection 
of this section). The essence of the method is as follows. Let us have a partial differential 
equation and let by means of an appropriate ansatz this equation is reduced to a nonlinear 
ordinary differential equation 

For large class of equations from the kind (13. ip exact solution can be constructed as finite 
series 

«(0 = E 0Av{i)T (3.2) 
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where i^>0,/i>0, ^^isa parameter and V{^) is a solution of some ordinary differential 
equation referred to as the simplest equation. The simplest equation is of lesser order 
than (13.1 p and we know the general solution of the simplest equation or we know at least 
exact analytical particular solution(s) of the simplest equation [65| 166]. 

The modified method of simplest equations can be applied to nonlinear partial differ- 
ential equations of the kind 

^{^ '^^'^^ ^]=G{u) 3.3 



where cjs = C(;4 + and 



1. 1^ denotes the set of derivatives 



Qx^i \ Qx ' dx^ ' dx^ ' 



2. denotes the set of derivatives 



V dt ' dt^ ' dt^ ' 

3. Q^^^Q^^^ denotes the set of derivatives 

d^^u f d'^u d^u dv? 
dx'^^dt'^'' \dxdt ' dx'^dt ' dxdt"^ 

4. G{u) can be 

(a) polynomial of u or 

(b) function of u which can be reduced to polynomial of u by means of Taylor 
series for small values of u 

5. F can be an arbitrary sum of products of arbitrary number of its arguments. Each 
argument in each product can have arbitrary power. Each of the products can be 
multiplied by a function of u which can be 

(a) polynomial of u or 

(b) function of u which can be reduced to polynomial of u by means of Taylor 
series for small values of u 

For this class of equations the modified method of simplest equation allows us in principle 
to search for 

1. Exact traveling-wave solutions of (13.31) if G{u) and the multiplication functions form 
item 5. above are polynomials 

2. Approximate traveling- wave solutions for small u in all other cases 
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We are interested in traveling wave solutions 



u{x, t) = u{^) = u{x — vt) (3.4) 

of the extended Korteweg - de vries equation and of the generalized Camassa - Holm 
equation. These solutions will be obtained on the basis of the modified method of simplest 
equation. 

In what follows below we shall set = and we shall use as simplest equation 
particular cases of the following equation 

^ = E7«[nO]" (3.5) 

^ 0=0 

where 7^ is a parameter. Two particular cases of f l3.5p are the equations of Bernoulli and 
Riccati which are well known nonlinear ordinary differential equations and their solutions 
can be expressed by elementary functions. For the Bernoulli equation 70 = 0; 71 = a; 
72 = ■ • • = 7fc-i = 0; 7fc = c; 7^+1 = ■ ■ ■ = = 0. The result is 

^ = aViO + c[V{Or (3.6) 



where k is an integer and A; > 1. For (13. 6 p we shall use the solutions 

tl-cexp[a(A;-l)(^ + Co)JJ 

for the case c < 0, a > and 

yf ,, \ aexp[a(fc-l)(e + eo)] 1^ 

1 l + cexp[a(A;-l)(e + eo)]J ^ ' ^ 

for the case c > 0, a < 0. Above ^0 is a constant of integration. For the Riccati equation 
7o = (i; 7i = c; 72 = a, 73 = ■ ■ ■ = 7/3 = 0. The result is 

— = a[y(Of + c^O + ^ (3.9) 

We shall use two solutions of (13. 9p . By a substitution in (13. 9 p it can be shown that 

'^(e + ^o) 



(3.10) 



is a particular solution of the Riccati equation. On the basis of (I3.10p we can construct 
more complicated solution of the Riccati equation which has the form 

V^2(?) = Vi{i) + ^ 



where V3(^) is solution of the linear equation 

^ + [c + 2ayi(0] 1^3(0 = 
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For the solution V2(0 we obtain 



2a 2a \ 2 



exp 



0{C + Co) 



+ 



2 cosh 



0(^ + ^0 



In (KWf and (KWf 9'^ 



(3.11) 



'4ad > 0. In addition and C* are constants of integration. 



We shall use the solutions Vi(i^) and V2{C) below. 

As particular case of the use of equation of Riccati as simplest equation we shall 
consider also the so called extended tanh-function equation 



dV -2 



(3.12) 



used by Fan [M] as basis for the extended tanh-function method. (13.121) is obtained from 



-:2 



(13. 9 p when 6 = 0, a = — a , and d = d . The solution of (I3.12p we shall use below is 



y(0 = ^tanh[ad(e + eo)] 



(3.13) 



-;2 



where a^y(^)^ < d" and is a constant of integration. The maximum power of V{^) in 
(I3.12P is the same as the maximum power of V{C) in (13. 9p . Because of this the obtained 
below balance equations for the equation of Riccati and for the extended tanh-equation 
will be the same. The difference between the two simplest equations is that the equation 
of Riccati will lead to more complicated exact solutions of the corresponding PDE. 



3.1 Balance equations 

Let us search for a solution of (13.11) which is of the kind (13. 2p with rj > v and where V{C) 
is a solution of (13. 5p . The substitution of (13. 2 p and the corresponding simplest equation 
in (13. ip leads to a polynomial equation of the kind 

p = K^y- + + . . . + = (3.14) 

where r is some integer and the coefficients k depend on the parameters of the solved 
equation as well as on the parameters of the solution. The solution of (I3.14p is obtained 
when all coefficients in (I3.14p are equal to 0. This leads to a system of nonlinear algebraic 
relationships 

Ki = 0, / = r,r- 1,...,0 (3.15) 

In the classic version of the simplest equation method Kudryashov determines ui by a 
procedure analogous to the first step of the test for the Painleve property [IH] . Below we 
shall follow another idea [38| [39] . We have to ensure that there are at least two terms 
containing in (I3.14p . In order to achieve this we have to balance at least two of the 
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largest powers of the polynomials arising from the terms of (13. ip . Below we shall do this 
for the extended Korteweg - de Vries equation and for the generakized Camassa - Holm 
equation. 

Let us now conseder the extended Kortweg - de vries equation fl2.16p As first we shall 
use the equation of Bernoulli (13. 6p as simplest equation. The solution of Eq. (I2.16P will 
be constructed by means of solutions of Eq. (13. 6 p on the basis of (13. 2p with 1^ = 0. We 
shall solve generalized version of the extended Korteweg - de Vries equation 

dr] drj d^r] dr] d'^rj d^i] 

Eq (13.161) is reduced to Eq. (I2.16P for the following values of the parameters 

Pi = 2; p2 = 3; p-i = ^S^; Pi = -^e; ps = j^e^^; Pe = ^eS^ (3.17) 

We shall introduce the coordinate ^ = ( — vt and shall search for traveling- wave solutions 
of Eq. (I3.16p . In the original coordinates x and t : ^ = ^{x — evt). The application 
of the modified method of simplest equation to Eq. (13.161) on the basis of equation of 
Bernoulh as simplest equation leads to the following balance equation 

ui = 2{k-l) (3.18) 

Let now the equation of Riccati (13.91) be used as simplest equation. We again search 
solution of (I3.16P in the form (13. 2p with z/ = 0. For this case the balance equation is 

1^1 = 2 (3.19) 

The use of the extended tanh - equation as simplest equation leads to the same balance 
equation as for the case of Riccati equation namely (I3.19p . 

Now let us discuss the generalized Camassa - Holm equation (12.201) . We are interested 
in traveling wave solutions. Because of this we introduce the coordinate ^ = X — vT 
where v is the velocity of the corresponding wave. First let the equation of Bernoulli (13. 6p 
be used as simplest equation and the solution of Eq. (I2.20p be searched in the form of Eq. 
(13. 2p with z/ = 0. The determination of the maximum powers of the terms in Eq. (l2.2Up 
leads to the following balance equation 

where k > 1 and J > I > 1. For I > 1 another balance equation is possible namely 

M + 3(A; - 1) = M + 3(A; - 1) (3.21) 

when ( J — /)z/i < 2{k — 1). This balance is possible as there are two terms in (I2.20p which 
lead to maximum power lui + 3(A; — 1) of terms of the resulting polynomial and these 
powers are maximum powers for the entire polynomial when {J — I)ui < 2{k — 1). 
Finally if / = 1 the balance equation is 

n - (3.22) 



9 



Another possibility is to use the equation of Riccati (13. 9p as simplest equation. The 
solution of Eq. fl2.20p is searched again the form of Eq. f l3.2p . Several balance equations 
are possible for this case. They are 



1^1 = /; J <vi + 2- J <I + 2 (3.23) 

z/i + 2 = J; / < z/i; I + 2 < J (3.24) 

J = 1 + 2; vi<l] Ui + 2<J (3.25) 

The possible balance equations for the case when the extended tanh - equation is used as 
simplest equation are the same as for the case of Riccati equation. 

Finally we would like to note two of the papers of Kudryashov [771 EH] who advises 
us to be careful when use the methods for obtaining of exact solutions of the nonlinear 
differential equations. Especially we have to check if the newly obtained solutions can be 
reduced to some of the already known exact solutions of the correspondent PDE. 



4 Exact traveling wave solutions of the extended Ko- 
rteweg - de Vries equation (12.161) 



First of all we shall use the equation of Bernoulli as simplest equation. Let k = 2. Then 
from Eq. fl318D Ui = 2. The subsitution of Eq. and Eq. in Eq. fl3A6|) leads to 
the following system of 7 nonlinear algebraic relationships between the parameters of Eq. 
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f l3.16p and parameters of its solution 

= cej[6pr,c^ + pie2 + I2pec^] 

= e2[24p6^ic^ + PeieOic"^ + 54^200") + Qp5{0ic + 292a)c^ + 
2p^c{m2ac + 2^ic2) + 4p4^i^2C + P4^2(6'ic + 2e2a)] 

= 24p3^2C^ + 6p5^ia^2C^ +P5(^ic + 2^2a)(10^2ac + 2^10^) + 
2p5^2c(3eiac + 4^2a') + 2p26'2C + 2^4(2^0^2 + ^i)^2C + 
2pM{0iC + 2^2a) + P4^2^ia + 24p6^o^2C^ + J^e^i (66*10=^ + 546*200') + 
j96^2(12^ic'« + 38^2a'c) 

= 4p4^o6'i^2C + j94(2^o^2 + Ol) {Oic + 2620) + 2p4^i^2a + 

2p2^1^2C + P2^2(^lC + 2620) + ^3(6^10^ + 54^2002) + 

P6^o(6^ic^ + 54^2ac') + P6^i(12^ic'a + 88^20' c) + 
j96^2(7^ia'c + 86'2a^) + P5^ia(10^2ac + 2610^) + 
j95(^ic + 2^2«) (36*100 + 4^2^^) + 2p5e2c9ia^ 
= -2t;pi^2C + p6^o(12^ic'a + 38^2a^c) + jse^i (7^i a'c + 86*20^) + 

P6920ia^ + 2p2^o6'2C + P2^l(^lC + 2^2a) + P26'2^lO + 

j93(12^i c'a + 386'2a'c) + 2p49^92C + 2^46*0^1 (6'ic + 26*20) + 
Pi{29o929l)9ia + j95^ia(36'iac + 4^20^) + P^{9ic + 292a)9ia^ 
= _vp^(^^c + 2^2«) +P4^o(^iC + 26*20) + 2p4^o^?a + P5^?o^ + 

j926'o(^ic + 2^2^) + P29la + P3{79ia^c + 8^2«^) + P69o{79ia^c + 8^2«^) + 

^i[-^pia + p,9la + p,9oa' + p2^oa + P3a='] 







(4.1) 



One solution of this system of algebraic equations is 
6c^{P5 + 2pq) 6ac{p5 + 2pQ) 
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Pi Pi 
-2p3P4 + o^pI + Sa^p^pe + P2P5 + 2p2P6 + 2a^pl 
2p4iP5+P6) 

o^pI + ApIpI - 4:P2P3P4P6 - pIpI - 2pIp5P6 + 4:a'^P6Pl + ^o,^pIpI + '^O'^PlPb 



4:pmiP5+P6y 



(4.2) 



The solution of Eq. fl3.16p is 



6a'c(p5 + 2pg) 
Pi 



-2p3P4 + a pi + 'ia PbP& + P2Pb + 2p2P6 + 2ayi 



2P4{P5+P6) 



exp[a(^ + ^o)] 
_l-cexp[a(^ + ^o)] 



1 + c 



exp[a(g + go)] 
1 - cexp[a(g + go)]. 



(4.3) 
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for the case a > 0, c < and 



2^2 



6a^c(p5 + 2p6 

P4 



+ 



exp[a(^ + ^o)] 
l + cexp[a(^ + ^o)] 



1 -c 



exp[a(^ + ^0)] 
l + cexp[a(e + eo)] 



(4.4) 



for the case a < 0, c > 0. Let us discuss the case a > 0; c < 0. From Eq. fl3.17p we obtain 
the following solution of the extended Korteweg - de Vries equation fl2.16|) 



exp[a(^ + ^o)] 
- cexp[a(^ + ^0)] 



1 + c 



_ 540 + 4736(52 

~ 198e 
exp[a(^ + ^o)] 

-cexp[a(^ + ^o)]. 



+ 



(4.5) 



For the surface wave from Eq. (12.171) we obtain 



86^2 



exp[a(^ + ^o)] 
l-cexp[a(^ + ^o)] 



exp[a(^ + ^o)] 
-cexp[a(^ + ^o)] 



1 + c 



540 + meS'^a^ 

198^ + 

exp[a(^ + ^o)] 

1 - cexp[a(^ + ^0)] 
_ 1 r 540 + 473e52a2 
~4 1 198^ 
exp[a(^ + ^o)] 
_l-cexp[a(^ + ^o)]. 

(i - i.^ , . 



+ 



(4.6) 



where u*{^) is 



86 



u 



e2 4 

ca 



12c' 



exp[a(^ + ^o)] 
-cexp[a(^ + ^o)] 
exp[a(e + eo)]' 
{l-cexpKe + eo)]F 



+ 21c 



exp[a(e + eo)]' 



+ 6c' 



{l-cexp[a(e + eo)]P 
exp[a(e + eo)]' 



+ 



{l-cexp[a(^ + ^o)]rj 



(4.7) 



Let now the equation of Riccati (13.91) be used as simplest equation. We again search 
solution of (I3.16P in the form (13. 2 p with u = 0. For this case the balance equation is 
(I3.19P The application of the modified method of simplest equation leads to a system 
of 8 algebraic relationships among the parameters of the extended Korteweg - de Vries 
equation and the parameters of the solution. One solution of this nonlinear system of 
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algebraic relationships is 

6a2(p5 + 2pe) 



Pi 



01 



6ac{p5 + 2pQ 

P4 



3p5P6C + IGp^ad + Sp^ad + 2Ap^pQad + P2P5 + 2p2P6 + P5C + 2pgC^ - 2p^pi 



Vl 

V = — 

Vl = - iOplac^dpl - IGp^ac^dpl + '^pIc^Pq + SpgC^pg + 2p^plc^ + 

l&pla^d^ - 32plac^dpG - Sp^^ac^d + Upla^d^pf^ + ^Qpla^d^pl + ?,2p^pla^d^ + 
PgC^ - - pIpI + 4P3P4) 

1^2 = PlPi{Pb+P&f 



(4.8) 



The solution of Eq. fl3.16p based on the solution (l3.1Up of the equation of Riccati is 
SpsPeC^ + 16pga(i + 8pgad + 2Ap^pQad + + 2p2P6 + pIc^ + 2p6C^ - '^P'iPi 



V 



6ac(p5 + 2p6) r c ^ ^^^^ 

P4 \ 2a 2a 



2^4(^5+^6) 
d{C + Co 



. a c 9 

l + - < tanh 

c 2a 2a 



0{C + 6) 



(4.9) 



The solution of Eq. fl3.16p based on the solution (13. lip of the equation of Riccati is 

3p5P6C^ + IQplad + Splad + 2Ap^pQad + P2P5 + 2p2P6 + plc^ + ^pjc^ - 2p3P4 



V 



2p4(P5 +P6) 

6ac(p5 + 2pe) [ _ 
P4 1 2a 



2a \ 2 



exp 



2 cosh 



^(e + eo 



2G*exp I : I cosh 



2 

^(^ + Co 



a \ c 9 , 

IH — < tanh , 

cl 2a 2a V 2 



+ 



X 



+ 



exp 



0{C + Co 



2 cosh 



oiC + Co 



(4.10) 



We remember that in Eq. fHl?]) and Eq. f l4.10p 9^ = & - Aad > 



13 



Taking into account the relationships fl3.17p for the surface wave connected to the 
solution fl4.9p is 

16 r/ 15609 .,7^4 223729 46827 ,,7^4 , 

108964^4 1 V 64 256 128 



tanh ( ^e{C + Co] 



32 32 48 

2 



223729 5203 , _ 15609 

192 16 32 



tanh(i^(e + eo; 



1485 2025 223729 4,3 4 5203 4 . , 223729 4,0 , , 

7095 3 6 2 ^^^,4^8^2^2 1^,5^7^4^2 _ ^,5^7^4 

16 36 128 64 

7095 , 5203 4^5 \) ,^ 
^^e''(5''od —e^S^adj > (4.11) 

Let now the extended tanh equation (13.121) be used as simplest equation. The bal- 
ance equation is the same as in the case when the equation of Riccati is used as simplest 
equation. The application of the modified method of scimplest equation leads to a sys- 
tem of nonlinear algebraic relationships among the parameters of the equations and the 
parameters of the solution. One solution of this system is 

= -Q^^PilM. 0^ = 
Pi 







2 2 2 

-P2P5 - 2p2P6 + 24a^(i pspe + IQa^d pl + Sa^d pj + 2^3^)4 

2P4(P5 +P6) 

V 



4piP4(P5 +P6)^ 

V = -2plp5Pe - pIpI + IQptd^a* + Aplpl + mplta^pl + 64ppVp6 + 
32^5^ o^pI - 4:P2P3Pm 

(4.12) 

and the solution of Eq. (13.161) is 



2 2 2 

-P2P5 - 2p2P6 + 2Aa^d p5Pe + 16a^d pj + Sa^d pi + 2p3P4 



2P4(P5 +P6) 

ga5W2p6)tanh^[^rf(e + e,)] (4.13) 
The surface wave (I2.17P corresponding to the solution (14.131) is 

u{0 ^ ^^^[a^AV(-561924e - 2013561 + 8428866^2) [tanh(a^(^ + ^o))]^ + 

rf5^e(-280962e - 2684748a2d^e52 + 383130 + 749232e^52a^d2 - 
1123848e252a2^2^2^)j^^^j^^-^(^^ _^ ^^^^^ ^ 26730e - 1873080^(^2 e^^^ _ 

894916a^(i^e25^ - 18225 + 255420a2c/2e52 _ I87308e^(5^a^rf^ + 

2809Q2e^ 5^ a^d^z^] (4.14) 



14 



For a further demonstration of the modified method of simplest equations let us now 
study what solutions of the classic Kortweg - de Vries equation can be obtained by this 
method. The classic Kortweg - de Vries equation is particular case of Eq. fl3.16p for the 
case P4, = P5 = Pq = 0. In other words we shall discuss the equation 



dr] 



dri d^ri 



(4.15) 



which after the subsitution of pi,2,3 from Eq. fl3.17p is reduced to the Korteweg - de Vries 
equation. The balance equations for Eq. f l4.15p are the same as for the Eq. (13.161) . Lt us 
first discuss the case where the equation of Bernoulli is used as simplest equation. The 
application of the modified method of simplest equation reduces (I4.15P to a system of 5 
nonlinear algebraic relationships among the parameters of the equation and parameters 
of the solution (13. 2 p (we remember that z/ = and V{C,)) is a solution of the Bernoulli 
equation). A solution of this nonlinear algebraic system is 



e, = -12 



Psc 



01 



-12 



p-ica 



On 



piv - psa" 



P2 P2 P2 

The corresponding solution of (I4.15P for c < and a > is 



(4.16) 



Tj 



PiV - psa^ 

P2 



12 



P3ca 

P2 



exp(a[^ + ^o)] 
- cexp[a(^ + ^o)] 



1 + c 



exp(a[g + ^o)] 
- cexp[a(^ + ^o)] 



(4.17) 



For the case a < 0; c > the solution of (I4.15P is 

^ PiV - psa^ ^ ^^ P3ca^ exp(a[^ + ^o)] 

P2 P2 [l + cexp[a(^ + ^o)] 



exp(a[C + ^o)] 
l + cexp[a(e + eo)] 



(4.18) 



By setting pi = 2; p2 = 3 and ps = in Eqs. (I4.17P and (I4.18P we obtain the 
corresponding solutions of the classic Korteweg - de Vries equation. 

Let now the equation of Riccati (13. 9p is used as simplest equation. For this case the 
application of the modified method of simplest equation leads to a system of 6 nonlinear 
relationships among the parameters of the equation and parameters of the solution. One 
solution of this system is 



02 



-12 



Psa 



01 



-12 



Psac 



PiV — Sp^ad — psc^ 



P2 P2 P2 

The solution of Eq. (I4.15P based on the solution (I3.10p of the Riccati equation is 

Spsad-psc^ , p^acf c , ^ , [^(^ + ^0) 



(4.19) 



V 



PlV 



P2 



a( c 

— < 1 tanh 

c 2a 2a 



^l^ + ^tanh 
P2 { 2a 2a 

0{^ + U 



1 - 



(4.20) 
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and the solution of Eq. fl4.15|) based on the solution (13.111) of the Riccati equation is 

+ 



V 



Piv - Spsad - psc^ _ ^^ P3Qc / _ _c 9_ ^^^^ / + ^p) 



P2 



exp 



0{^ + ^o) 



2 cosh 



OiC + Co) 



2a 2a V 2 



+ 



+ 



exp 



^(e + eo) 



2 cosh 



(4.21) 



From Eqs. (I4.20p and (I4.2ip by setting pi = 2; p2 = 3 and p^ = -^5'^ one obtains the 
corresponding solutions of the classic Korteweg - de Vries equation. 

Finally the the extended tahn equation (I3.12p be used as a simplest equation. The 
balance equation for this case is the same as in the case when the simplest equation is the 
equation of Riccati. The application of the modified method of simplest equation leads 
to a system of 6 nonlinear algebraic equations for the parameters of the solution. One 
solution of this system is 



e, = -12 



The sollution of (I4.15P is 



P2 



-3, 



^1 = 0; 



vpi + Sp-^a d 

P2 



(4.22) 



2 2 

viO = 1 12— — =2 tanh [ad{^ + ^q)] 



P2 



P2 a 



(4.23) 



5 Exact traveling - wave solutions of the generalized 
Camassa - Holm equation 

Let first the equation of Bernoulli be used as simplest equation and the values of param- 
eters from fl3.20p are J = 3, I = 2, k = 2. Then from fl3.2UI) one obtains ui = 2. The 
equation we shall solve is obtained from fl2.20p when 1 = 2, J = 3. This equation is 



dU 



dU 



Q3 

- psg^iqo + qiU + q2U^) + 



Pa 



dX 



-{ro + nU + r2U^ + rsU^) + P5q2 f^j 



(5.1) 
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The solution of Eq. fl2.2ip is searched in the form 



u{0 = do + OiV{0 + d2V{0^ (5.2) 

where V{^) is solution of the equation of Bernoulli (13. 6 p for /c = 2. The substitution of 
(15. 2 p in (I2.2ip leads to a large system of 7 nonlinear relationships among the parameters 
of the generalized Camassa - Holm equation and parameters of the solution (15. 2p One 
solution of this system of equations is 

g2ac(5p3 - n q92C^(5p3 -P4P5) 
t/2 = o ; Ui = o 

^0 = 7 r. 7 fi 



Qq2P4r3{Ap3 - pip^) 12^2^4^3(4^3 - P4P5) 

60 = -^Qqla^PiPbPz + 4:qla^plpl - 3p2m'"3 + ^PsQiPirs + SOgja^pl - 

10q2P3r2P4 + '2q2plp5r2 
Rl = -il520qyplplpl- 256qyplplp3-4:qlptpy2 + ^2qlp3rlplp5 
QOq^plr^pl + 3840g2«''^'3 - '^'2plqiPlr3q2r2 + 1 2^2 ^^^4^3 52^3 ^^2 - 



10 22 in2222ii/^ 4444in2222 

l8p2vp^r^P3qi + 9p3qiP^r^ + Wq^a p^p^ + 'dp^v p^r^ 
3968g2aVp5P3 " '^'^vqlr3p\pl + lQ2v qlr3p\p3P5 - 38 
192pig^r3p^p3P5 + 384pig^r3]?4P3 + 2Apiqlr3p\pl) 



The corresponding solution of Eq. (15. ip is 

jj,^. ^ ©0 ^ g g2C^(5p3 -P4P5) / aexp[a(^ + ^o)] ^ 

692^4^3(4^3-^4^5) ^4^3 \l-cexp[a(^ + ^o)] 

gg2_ac(5p3 - P4P5) [ aexp[a(^ + ^o)] 



P4r3 [l-cexp[a(^ + ^o)] 



for c < and a > 0. For c > and a < the solution of Eq. (15. ip is 

jj^^. ^ ©0 g g2C^(5p3 -P4P5) / aexp[a(^ + ^o)] ^ 

692^4^3(4^3 -J94P5) ^4^3 \ 1 + cexp[a(^ + ^0)] 

g2ac(5j93 - P4P5) r aexp[a(^ + ^o)] 



P4r3 [l + cexp[a(^ + ^o)] 



(5.3) 



(5.4) 



(5.5) 



Now let the equation of Riccati (13. 9p be used as simplest equation. From the possible 
balance equations Eq. (I3.23P will be used below with values of the parameters J = 1; 
1^1 = 2; / = 2. Thus the equation which will be solved is 



a 

P4 



dX 



1/ rn 

-(ro + rif/) +^5^2 ( ^ 



(5.6) 
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In this case the apphcation of the method of simplest equation to Eq. (15 .Op leads to a 
system of 8 nonlinear algebraic relationships among the parameters of the solved equation 
and the parameters of the solution. One solution of this system is 



02 

eo 



-15 
-15 



q2PiP4,{—8c'^da + IGa^d^ + c'^) 

ac{—piri + 2v — 2pi) 
q2PiPi{—9>c^da + IQa^d? + d^) 

eo 

q2P4Pb{.—8c^da + lQa?d'^ + c^) 

lOc^v + lOc^i + 

IGpiP^qiC^da — 32p4p^qia'^ d'^ — 2p4p^qic^ — 80p2vc'^da + 160p2va'^d'^ + 

10p2VC^) 



(5.7) 



The corresponding solution of Eq. (15. 6p based on the solution (I3.10p of the Riccati equa- 
tion is 

eo 



52^4^5 (— 8 c^fia + IGa'^d'^ + d^] 
ac{—p4ri + 2v — 2pi) 



+ 



15 

15 



q2PAPi{—8c^da + IQoP'd'^ + d^) 

a?{—p4Ti + 2v — 2pi) 
q2PiPi{—8c^da + IQa^d^ + d^) 



1. i_ 

2a ^ 2a 



tanh 



■ c e 

1 tanh 

2a 2a 



+ eo 



(5.^ 



where 9'^ = — Aad > 0. 

The solution of (15.61) based on the solution (13.111) of the Riccati equation is 

eo 



q2PiP5{—8c^da + IGd^d"^ + c^) 
ac{—p4^ri + 2t> — 2pi) 



15 



q2P4P4{—8c^da + 16a^d^ + 



c_ e_ 

2a ~ 2a 



tanh 



o{i + eo 



exp 



o{i + eo 



2 cosh 
15 



^(e + eo) 



- + 2C* exp 



^(e + eo) 



cosh 



-PiTi + 2v - 2pi) 



q2PiPi{—8c^da + lQo?d'^ + c"^) 



c e 

tanh 

2a 2a 



^ (e + eo) 

2 

^(e + eo) 



+ 



exp 



^(e + eo 



2 cosh 



^(e + eo) 



- + 2C* exp 



^(e + eo) 



cosh 



^(e + eo) 



(5.9) 
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Let now the extended tanh equation fl3.12p be the simplest equation. Let in addition 
I = J = 2 and z/i = 2. The equation which is solved for this case is 



a 

P4 



dX 



1/ rr ^^2^ ( 

-(ro + ri(7 + r2(7 ) +P5?2 I ^ 



(5.10) 



The application of the modified method of simplest equation leads to a system of 8 
noninear algebraic relationships among the parameters of the solution and para meters of 
the solved equation. One solution of this system is 

_4 {-2vp5q2 + 2pip^q2 + riPip^q2 + br2P2V - r2P4P59i) 



^2 = 60a 

^ Vfi/1^2„2^'*772 _ op;,, ^ 



9i 











P4(— 25r| + 64^5^2 



9o = -(160^5^20 d V — 160]?5g2a d pi — 80^5^2^ ^"1^4 — 400a (i r2P2'i^ + 



S0p5(fd r2Piqi + 320p2vp^q2d a* — 50r2f + 50r2Pi + 25r2riP4 — 

64p4P5^i?2(^'^a^) 
1 

(5.11) 

The corresponding solution is as follows 

uiO = =4^ + 

]94(— 25r| + QAp'lq2d a^) 

ar,-2-i^ (-2^92 + 2piP5g2 + rip4P5q2 + 5r2P2V - r2PiP^qi) ^2^--uc , c M 
60a a ^ tanh [ad{t, + c,o)\ 



P4^{64:plq2d — 25r, 



(5.12) 



Let us now discuss the equation 



which can be reduced to Eq. 02.211) and then to the Camassa - Holm equation when p^ = 
Ps. If the equation of Bernoulli (13. 6 p is used as simplest equation in the modified method 
of simplest equation we obtain balance equation of the kind 2z^i + 3(/c — 1) = 2z^i + 3(fc — 1). 
The simplest case is ui = 2, k = 2. For this case the application of the modified method 
of simplest equation reduces Eq. (15.131) to a system of 7 nonlinear algebraic relationships 
among the parsmeters of the equation and the parameters of the solution. One solution 
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of this system is 



P5 = -Ps; v = - 







3^46*2 - ^3^*2^^ - 392a^P4P2 + l'2p2PiC^ + P2P^02a^ 

12c2(p3 + 3p4P2) 



= ^-f (5.14) 

the corresponding solution of Eq. fl5.13p is 

_ 3pi92 - P3^2a^ - SOitt'^pm + l2p2PlC^ + P2P3^2Q'^ 
" 12c2(p3 + 3p4P2) 

'2a/ aexp[a(^ + ^o)] ) , / aexp[a(^ + ^p)] )^ 



c [1 -cexp[a(^ + ^o)] j i 1 - cexp[a(^ + ^0)] 
for the case c < 0, a > 0. For the case c > 0, a < the solution is 

3p4^2 - ^3^20^ - 362a^PAP2 + l2p2PiC^ + P2P302a^ 



12c2(p3 + 3p4P2) 

92a f aexp[a(^ + ^o)] 1 , g f Qexp[a(^ + gp)] 



c [1 + cexp[a(^ + ^o)] j [ 1 + cexp[a(^ + ^p)] 



It must be noted that because of the requirement p^ = —ps the above two solutions 
can not be reduced to solutions of the Camassa - Holm equation. If the rquirement was 
P5 = P3 such reduction would be possible. However the requirement is = —p^ and the 
reduction is not possible. 



6 Concluding remarks 

In this paper we have studied two nonlinear partial differential equations connected to 
the water waves: extended Korteweg - de Vries equation and generalized Camassa - Holm 
equation. The goal of the study was to obtain exact traveling-wave solutions of these 
equations. This goals was achieved on the basis of the method of simplest equation which 
is an effective tool for obtaining exact analytical solutions for large classes of nonlinear 
partial differential equations. We have applied a modification of this method based on use 
of balance equation. The equations of Bernoulli, Riccati, and extended tanh - equation 
have been used as simplest equations. We have obtained numerous exact traveling-wave 
solutions of the studied equations and for the case of the extended Korteweg - de Vries 
equation we have obtained three expressions for surface water waves which correspond 
to the exact solutions of the extended Korteweg - de Vries equation. As a side result we 
have applied the methodology to the classic Korteweg - de Vries equation and we have 
demonstrated that by means of the modified method of simplest equation exact solutions 
of this classic nonlinear partial differential equation can be obtained too. 

This paper is manuscript Nr. AMC-D-10-04363 submitted to Applied Mathematics 
and Computation on 27th of December 2010. The manuscript is still under review. 
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